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POST-GRADUATE COURSE

Term End Examination — June, 2022 /December, 2022

MATHEMATICS

Paper-10B(i) : ADVANCED FUNCTIONAL ANALYSIS

( Pure Mathematics )
( Spl. Paper))

Time : 2 hours | [ Full Marks : 50

Weightage of Marks : 80%

Special credit will be given for accuracy and relevance in the answer. Marks

will be deducted for incorrect spelling, untidy work and illegible handwriting.

The marks for each question has been indicated in the margin.

Use of scientific calculator is strictly prohibited.

Answer Question No. 1 and any four from the rest :

1. Answer any five questions : 2x5=10

a)

b)

g)

Give an example with proper justification of a balanced set in a
vector space which is not absorbing.

If M is a subset of a topological vector space X, then prove that

oM = oM for any scalar a.

Suppose A is a convex absorbing set containing 9 of a vector
space X and let p, be the Minkowski functional for A. Then prove

that p, (Ax)=% p, (x) for all scales 1 > Oand for all xeX .

In a normed linear space, show that weak convergence does not

imply strong convergence.

Let X be a normed linear space, ze X and f € X", Show that
T:X—>X defined by T(x)=f(x)z, xeXis a compact linear

operator.

Show that the set of all invertible elements of a Banach algebra
X with identity e forms a group under multiplication.
Let H be complex Hilbert space and T € B(H). Then prove that

T can be expressed uniquely as T=A+iBwhere A, B are self

adjoint operators on H.

| PG/TE-2201] [ Turn over




QP Code: 22/PT/13/XB(i) 2

Prove that a topological vector space has a balanced local base. 2
Prove that the following statements are equivalent in a topological
vector space X :

(i) A subset Bof Xis bounded.

(ii) If { x,} is any sequence in B and { o,} is any sequence of

. lim o
scalars with n a, =0, then {a, x, } converges to < in X.

- ©
4
Let X be a topological vector space. Prove that

(i) if Cis a convex subset of X, so are Int C and C.

(ii) if B is a balanced subset of X, so is B. If also 0elInt B, then

Int Bis balanced. 2+2

If K and C are subsets of a topological vector space X, K is

compact, Cis closed and K(1C=®, then prove that there exists a

neighbourhood V of Y in X such that (K+V)N(C+V) =. S
Prove that every locally compact topological vector space is finite
dimensional. 5

Let fbe a non-zero linear functional on a topological vector space

X. Prove that the following statements are equivalent :

(i) fis continuous.

(i) ker(f)={xeX:f(x)=0}1is closed.

(iii) ker(f)is not dense in X.

(iv) fis bounded in some neighbourhood Oin X 6

Let @ be a convex balanced local base in a topological vector
space X. Associate to every Ve @ its Minkowski functional p, .

Then prove that
(i) V={xeX:p,(x)<l} forvery Ve @

(i) { p,Ve @ } is a separating family of continuous seminorms

on X. 4
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b)

b)

b)
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Prove that the conjugate space of [ p is isomorphic to the sequence

space lqwhere 1< p, g<o and p_1+ q_1=1_ 4

Show that in a normal linear space X, the set M of all best
approximations to a given x e X out of a subspace Y is a convex

set. 3

Let X be a normed linear space with a strictly convex norm and
G be a subspace of X. If x € X, then prove that there is at most
one best approximation to x out of the elements of G. 3
Let X and Y be two normed linear spaces. When is a
transformation T:X—>Y called compact ? If T,S:X—>Y are
compact operators and o is a scalar then prove that T+ S, a T are
compact. 1+3
Show that the spectrum o(T)of a bounded self adjoint linear
operator T : H— H on a complex Hilbert space H lies in the closed

inf

xH:1<Tx,x>,

interval [ m, M ] on the real axis where m=H

M= 5P <Tx,x>. 3
[ <[=1

Let H be a complex Hilbert space and let P, P, be orthogonal

projections on the closed subspaces M, and M, respectively.

Show that P P, is an orthogonal projection if and only if
PP,=F,F. 3

Let X be a Banach algebra with identity e. If x e X satisfies

|| X || <1 then prove that (e—x) is  invertible and

(e—x)fl:e+2xj. 4
j=1

State and prove Gelfand-Mazur theorem. 3

Prove that a subspace M of a normed linear space X is weekly

closed if and only if it is strongly closed. 3
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